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1. Introduction 



Recently, Berenstein, Maldacena and Nastase proposed that the type IIB string theory 
on a pp-wave background is dual to a sector of N = 4 SYM with large R-charge . On the 
bulk side, the pp-wave geometry is obtained from AdS$ x S 5 by focusing on a null geodesic 
rotating around the equator of S 5 . The important fact here is that the Green-Schwarz 
string on this background is solvable in the lightcone gauge || . On the YM side, this limit 
corresponds to taking a double scaling limit 

iV,J^oo, # 2 = ^, X' = 9 -^ :fixed . (L1) 

One of the evidence of this duality is that the free string spectrum is reproduced from 
the computation of anomalous dimensions of the so-called BMN operators in M = 4 SYM 
0,||,PJ^]. However, the precise mapping between these two sides is yet unknown. 

Some proposals about the holography in the pp-wave background are addressed in 
|^,PI, [T0|JTl]1 . Before taking the Penrose limit, the boundary of AdSs in the global coordinate 
is R x S 3 . Since the pp-wave geometry is obtained as the limit of AdS$ with global 
coordinate, it is natural to think that the dual theory is a limit of TV = 4 SYM on the 
cylinder R x S 3 . In [ll|, it was shown that the boundary of the pp-wave geometry is 
a one-dimensional null line and was proposed that the dual theory is a matrix quantum 
mechanics obtained by the KK reduction of Af = 4 SYM on S 3 . Note that this matrix 
model appeared in [p~2] , p~3f1 in the context of giant gravitons (see also ||14|| ). Matrix string 



theories with U(J) gauge group are discussed in [T^,|T6],[T7| . 

In this paper, we study U(N) Af = 4 SYM on R x S 3 and some of its properties under 
the limit ( |1 . 1| ) . We construct the generators of superconformal symmetry of this theory, 
by generalizing the earlier work for the U(l) gauge group ||18|1 . Since R x S 3 is a curved 
manifold, the superconformal symmetry is realized in a nontrivial way. 

We also study the contraction of the conformal symmetry to the symmetry of pp- 
wave background fll|i0| from the YM viewpoint. Recently, this problem was studied in 



the duality between a, D = 2 CFT and a 6-dimensional pp-wave geometry |y] . The higher 
dimensional case is also mentioned in [21]. We explicitly perform this contraction in the 
free field limit of TV = 4 SYM. 

This paper is organized as follows. In section 2, we construct the generators of con- 
formal symmetry of Af = 4 SYM on R x S 3 . In section 3, we construct the conformal 
Killing spinor on R x S 3 and the generators of superconformal symmetry. In section 4, 
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we summarize the KK spectrum of Af = 4 SYM on S 3 and study its pp-wave limit. In 
section 5, we study the contraction of the conformal symmetry to the symmetry of pp-wave 
geometry. Section 6 is devoted to discussions. In Appendix A, we summarize our notation 
of V- matrices. Appendix B is the list of conformal Killing vectors on R x S 3 . 



2. Conformal Symmetry of M = 4 SYM on R x S 3 

In this section, we construct the generators of conformal symmetry of M = 4 SYM 
on a cylinder. To make this paper self-contained, we review some basic facts about M = 4 
SYM on R x S 3 1|,|22],|23| . 



2.1. Conformal Coupling to a Background Metric 

M = 4 SYM can couple to a background metric in a Weyl invariant way, since this 
theory is conformally invariant.0 The action can be written as 



2 
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S[A^ X m , A, 9llv \ = - J- / d^x^gTr (\g^g™F^F pa + g^D^X m D v X m + f X 

9ym J \ z b 

- iXT^D^X - xr m [x m , A] - ~[X m , A n ] 2 ) 

(2.1) 

where ^u, v = 0, • • • , 3, m, n = 4, • • • , 9, and is the covariant derivative including the 
gauge field 

Dfj,X = V M A - i[A^ A] = c^A + A^X - i[A^ A]. (2.2) 
Au, is the spin connection written as A^ = ^fi^T^. Here O ab is the connection 1-form 



I 1 4 A* 

defined by div a + Vt a b Au b = 0, and u a is the vierbein defined in the usual manner: 



9^ = Vab^ul gT = rfeffi, {T», T"} = 2g^, {r a , T b } = 2n ab . (2.3) 
One can show that the action ( |2.1|) is Weyl invariant 

S[A^X m ,X,g^}=S[A tl ,e- a X rn ,e-^ a X,e 2a g^}, (2.4) 



1 For a generic background metric, there appears a Weyl anomaly written as a combination 
of Riemann tensor. However, this anomaly vanishes when the metric is R x S 3 which is relevant 
for our discussion of the radial quantization. 
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by noting that the scalar curvature and the spin connection in n-dimension transform 
under the Weyl rescaling as 

e 2a R{e 2a g^ v ) = R( 9flu ) - 2(n - l)g^V^a - (n - l)(n - 2)g^d^ad v a 

1 (2-5) 
A^e^g^) = A^g^) + -^^ v d v a. 

The metric on the plane R and the cylinder RxS 3 are related by a Weyl rescaling 

ds 2 = dr 2 + r 2 dQj = e 2r {dr 2 + dQ 2 3 ) (2.6) 

where r and r are related by 

r = logr. (2.7) 

Therefore, the dilatation on R 4 corresponds to the time translation on R x S 3 after the 
Wick rotation r = it, and the Hamiltonian H on the cylinder can be identified with the 
weight A on the plane. 

Now let us fix g^ v to be the metric on R x S 3 

ds 2 = -dt 2 + dttj = -dt 2 + d9 2 + sin 2 Q(di\) 2 + sin 2 ^d X 2 ). (2.8) 

Since RxS 3 has the scalar curvature R = 6, the action ( |2.1| ) becomes 

S =^-J d4xTt (~\ f mn + pr M D M \ - l -x 2 ^ 

= J d 4 xTr (-If*, - \{D,X™) 2 + \[X m ,X n ] 2 (2.9) 

+pr»D lt \ + ~xr m [x m , A] - \xl} 

where A M = (A^X m ) with M,N = 0, • • • ,9. In (|1|) and (gl|), A is a 10-dimensional 
Majorana-Weyl spinor dimensionally reduced to 4 dimensions. Note that there is no 
Coulomb branch in this theory because of the mass term of the scalar fields X m . 
In SU(4) symmetric notation, this action is written as 

s = 4- I d * xT * \-\ F l - \d,x ab d»x ab + hx AB ,X CD }[X AB ,X CD } 

9ym J I 4 1 4 

+ i\ +A p\i + xt[X AB , X B ] + X +A [X AB , X-b] - \x AB X AB Y 

(2.10) 

where the gaugino A^ is a D = 4 positive chirality Weyl spinor and transforms as 4 of 
SU(4) B symmetry, and the scalars X AB = —X BA are 6 of SU(4)r. If) means "f^D^. See 
Appendix A for our notations. 
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2.2. Conformal Killing Vector on R x S 3 

After fixing the metric fl2.8p , the Weyl rescaling ( |2.4j ) is no longer a symmetry of the 
action. Instead, the conformal symmetry is generated by the conformal Killing vectors of 
this fixed metric (2.8) . One easy way to find the conformal Killing vectors on R x S 3 is to 



take the limit of the Killing vectors on AdS$. To write the Killing vectors on AdS$, it is 
convenient to regard AdS$ as a hyperboloid in R 4 ' 2 : 

5 4 

^y a y b = y 2 o-Y,y* + yl = R2 ( 2 - n ) 

a, 6=0 a=l 

where rj ab = diag(+, (— ) 4 , +). In terms of the coordinate y a , the Killing vectors on AdS$ 
can be easily written as 

Lah = ya W~ Vh W (2 - 12) 

To obtain the conformal Killing vectors on R x S 3 , we have to rewrite L ab in terms of the 
global coordinate (p,t, O3), in which the metric of AdS§ takes the form 

ds 2 = R 2 (- cosh 2 pdt 2 + dp 2 + sink 2 pdflj). (2.13) 



This coordinate and the coordinate y a in (|2.11| ) are related by 



y° + iy 5 = Re** cosh p, y a = R n a sinh p (o = l,---,4) (2.14) 

where n a is a unit vector on S 3 . In our parameterization of S 3 ( |2.8| ), n a is given by 

n = (cos 9, sin 9 cos ifr, sin 9 sin tfj cos x, sin 9 sin ijj sin %). (2-15) 

Now the (conformal) Killing vectors £ a b on R x S 3 can be obtained as the value of 
L a b on the boundary of AdS*,: 

lim L ab = £ ab . (2.16) 

p—>oo 

They satisfy the 50(4, 2) algebra 

[£ab, Zed] = Vadibc ~ Vbd^ac ~ Vac^bd + Vbc^ad- (2-17) 

On R x S 3 , there are seven Killing vectors which are the generators of the R x 50(4) 
isometry of the metric fl2.8j): 



&5 = 3t, U = -n a d b + n b d a (a, 6= 4). (2.18) 
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Note that the corresponding L ab s are independent of p. In addition to these Killing 
vectors, there are eight conformal Killing vectors on R x S 3 . On AdS$, they are written 
as 

L Qa -iL 5a = e- it [n a (-itanh P dt + 2d p )+cothpd a \ (a = l,---,4). (2.19) 
Taking the limit p —>■ oo, we get 



toa - if 5a = e lt (-in a d t + d a ) 



d a in ( FETED and (WM is defined by 



dan a 



d e + J^d^ + ^f^d y , d a n b = 5 ab - n a n b 



{d 6 n) 2 ~° ' (d^n) 2 ^ ' (8 x n) 2 x ' 
One can check that the vectors (|2.20| ) satisfy the conformal Killing equation 



(2.20) 



(2.21) 



with 



^oa ~ itt 5a = -e u n a . 
In Appendix B, we write down the explicit form of £ ab . 

2.3. Generators of Conformal Symmetry 



(2.22) 



(2.23) 



The action (|2.10| ) is invariant under the £0(4, 2) conformal transformation generated 
by the conformal Killing vectors f ab 



s, ab x AB = e ab d,x AB + n ab x AB 



(2.24) 



The terms including f ab represent the Lie derivative along ^ ab and the coefficient in front of 
Q a b is determined by the weight of the field. To check this invariance, we need an equation 
following from the definition of Q ab (|2.22|) [f24 



(n - 1) V^ M fU + m ab + \e ab d»R = 0. 



(2.25) 



In the case of R x S 3 , this reads 



V^Q a6 + 20 ab = 0. 
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(2.26) 



The Noether charges of this symmetry (|2.24 ) are found to be 



2 

M ah = — 
9ym 



Tr / g3 & {^D,X AB D»X AB + \x AB X AB + \f% - iX +A pX A 

-^[X ABi X C d][X ab ,X CD ] - X_[X AB , X s ] - \ +A [X AB , X-b]^ 

+ e ab {D G X AB D^X AB + F Qu F») + iX +Al °8^ b X A + ~n ab d Q (X AB X AB ) 

(2.27) 

Note that the Hamiltonian H is given by M05. 

2.4- SU(4)r Symmetry 

The action ( p.lOj ) is also invariant under the SU(4) R-symmetry 

5X A = iT A X B , 8X- A = —i~X- B T B A , 5X AB = iT A X CB + iT B X AC , (2.28) 

where T A B is a hermitian traceless matrix. The charge of this symmetry is 

J A B = ^-Tr[ (-2iX AC D X CB -X +Bl °X A ). (2.29) 
9ym JS3 v J 

In the £0(6) notation, this is written as 

jmn = * (pmn^jB = _JLtT / (x m D X n - ^-XT°T mn X). (2.30) 

3. Superconformal Symmetry of J\f = 4 SYM on RxS 3 

3.1. Conformal Killing Spinor on R x S 3 

The superconformal symmetry is generated by the conformal Killing spinors on Rx S 3 . 
They can be obtained from the Killing spinors on AdS^ defined by 



In the global coordinate (|2.13| ), V is written as 



V = d + i sinhp7o7 P - i cosh ,970 = e * plB (d - ^70^ e^ 75 

Vi = Vi + ^ coshp7i7 P - ^ sinhp7i = e ~^ 5 - 7^7;75^ e^ 5 (3.2) 



V p = <9 P - ^7 P = d p + ^75, 



where i(= 1,2,3) denotes the direction of S 3 and we identified 7 P = —75. Therefore, the 
Killing spinor on AdS§ and the conformal Killing spinor on R x S 3 are related by p2| , p5 



£AdS 5 = e 



>P75 



ERxS 3 - 



(3.3) 



* 1 Y7 1 

dot = -7 e, Vie = -7^756. 



where eR X s3 obeys 



Under the chiral decomposition 75e± = ±e±, (|3.4| ) becomes 

1 !~ 

V M e_ = -7^e+, V M e+ = - 7/i e_ 



(3.4) 



(3.5) 



where 7^ = (70, — 7$). Note that this equation is consistent with the curvature of R x S 3 . 
By using the connection 1-form on S 3 
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cos Odip, O 23 = — cos V'rfX) O ai = cos 6> sin-i/Wx 
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(3.6) 



with respect to the dreibein (w 1 , w 2 , w 3 ) = (dd,sm9di(j,sm9smipdx), the solution to the 
conformal Killing spinor equation (|3.4[) is found to be 



t 6 X 

e _ g270g27l5 e 2"Tl2g 2-f 23 e , 



(3.7) 



where eo is a constant spinor. 



Note that the bilinear combination of two conformal Killing spinors £ M = e^j^e^ is 



a conformal Killing vector [24 



(1) (2) (1) (2) 



(3.8) 



3. ,2. Superconformal Transformation 



The superconformal symmetry is generated by the conformal Killing spinors. In D 
10 notation, the transformation law is written as 



1 

2 



Mm = -*Ar M e, 5 £ A = -^-FmnF mn e - ^-X m TW u e. 



1 

2 



(3.9) 



In .D = 4 notation, this reads 



<LA 



l -F^e-D^X m T m T» - l -X m T m T»V ^ - l -[X m ,X n ]r 



(3.10) 



e. 
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The commutator of two superconformal transformation is closed up to a gauge transfor- 
mation: 

[Se,S v ] = 5so(4,2)OT + 5so(6)(A mn ) + ( 3 - n ) 
where the transformation parameters are given by 

f a* = 2zer^r7, A mn = J (er mn r^ V M r7 - r^T^e) , u = -2%eT M r}A M . (3.12) 

In 577(4) symmetric notation, the transformation ( |3.9| ) is written as 

S e X AB = -i(-e A X B + e B X A + e ABCD X +c e- D ) 

5 e \i = \F^e A + 2D^X AB re- B + X AB fe_ B + 2i[X AC \ X CB }e B 
SA-A = \F^ v e_ A + 2D^X AB ^e B + X AB fe B + 2i[X AC , X CB ]e_ B , 



(3.13) 



and the Noether charge of this symmetry is found to be 

Qe = ^-Tr / (i\ +A7 °5 £ \i + iX^ 6 e X- A ) ■ (3.14) 
9ym Js* v j 

4. Hamiltonian Formalism of M = 4 SYM 

4-1. KK Reduction on S 3 

In this subsection, we summarize the KK reduction of M = 4 SYM on S 3 . The mass 
spectrum in (0 + l)-dimension is given by [ p6| 

M scalar = £ + 1, M fermion = £+ -, M vectm = £ + 2 (£ = 0,1,---)- (4.1) 

The scalar harmonics on S 3 with angular momentum I is given by the traceless symmetric 
polynomial of n a with degree i. M s 2 calar in (|4.1[) can be obtained by adding the curvature 
R/6 = 1 and the Laplacian — Ag3 = £(£ + 2). We normalize the spherical harmonics as 



1 



2tt 2 

where 2tt 2 is the volume of S 3 . For I = 1, we find 



Y/Y/,' = 5 ee ,S n ' , (4.2) 

S3 



YU = 2n a , / *7=i*ti = 5 ab . (4.3) 

2tt^ J S 3 



Let us look at the free part of the Lagrangian for scalar fields ( |2.9| ). By rescaling X m 
to the canonically normalized field (jf™ and expanding in terms of the spherical harmonics 

oo 

x m (t,n) = 9 -^r = ^5>r(W(ns), (4.4) 

£=0 



the free Lagrangian turns out to be 

oo 



1=0 

Then the free Hamiltonian can be diagonalized as 



(4.5) 



H = TrJ2(£+l)a^af. (4.6) 



1=0 

Here we introduced the oscillators a™ by 



!,? = —* — (a? + af) t W = if-^{af-af). (4.7) 



They are normalized as 

where i,j,k,l are the U(N) color indices. In (|4.6j ), we neglected the zero-point energy 
which is cancelled by supersymmetry. For notational simplicity, the magnetic quantum 
number I of Y/ is suppressed in the above equations . 

To see the mass of the fermion and the vector (|4.1|) , it is convenient to identify S 3 as 
the group manifold 577(2). Then, the metric of 5 3 is written as 

ds 2 = —triU-'dUf = -hridUU- 1 ) 2 = ^K) 2 = 5>j*) 2 , ^ 

i=i i=i 

where U G 577(2), and ui l L (oj r ) are the left (right) invariant 1-forms 

3 3 

U~ l dU = i^w^, dUU' 1 =iJ2 u R a i- ( 4 - 10 ) 

i=i i=i 

Let us first consider the mass of fermions with I = 0. From the Maurer-Cartan equation 
dio l LR = ±e ljfc a;^ r , the spin connection on 5 3 is found to be fi^ = ±e ljfc . The mass 
term of fermion comes from the spin connection 

= \^hm = ±^7i23- (4.ii) 

9 



Next we consider the mass of vectors with I = 0. We can see that u l L R are co-closed 
and they are eigenvectors of the Laplacian on S 3 with eigenvalue —4. Therefore, in the 
Coulomb gauge the gauge field on S 3 can be expanded as 

3 



A(t, 8 ) = £ [Al(t)ool + A R (t)^ R ] +■■■. (4.12) 



i=i 

Then the modes A l L R have mass = 2. Note that the KK modes of the gauge field carry 
A — J > 2 and hence they might acquire a large anomalous dimension As for the 
time component of gauge field A^ = q, it behaves as a Lagrange multiplier of the Gauss law 
constraint. In passing we note that under the identification S 3 ~ SU(2) the scalar har- 
monics Yi(Qs) is given by the matrix element (j, m\U\j, m!) with spin j = £/2. The higher 
spinor/vector harmonics are given by the Wigner functions on the coset SO(4)/ SO (3) 



4-2. U(l)j and Rotating Variable 

To define the pp-wave limit, we take U (1) j subgroup of SU (4)# as the rotation group 
of X 6 -X 9 plane. In other words, the generator of U(l)j is given by 

J=J™ = \{J\ + J\-J\-J\). (4.13) 
Then the fields transform under U(l)j rotation as 

A}: 2 - e*'^ 2 , A M^ e -|e A 3,4 (A _> e -J«rT- A) 



X 12 = 1(X 6 + iX 9 ) -> e l9 X 12 , X 34 =\{X G ~ iX 9 ) -> e~ ld X M . 
Therefore, the U Z" field with J = 1 ill] is given by 



(4.14) 



1 (0 6 +i0 9 ) = ^lx 12 . (4.15) 



V% 9ym 
From (|4.7|) , the mode of Z with angular momentum I is written as 



. 1 (A e + Bh (4.16) 



where A e = (af + ic$)/y/2 and S £ = (af - zaf )/\/2. 

In terms of the oscillators and Bi, J is written as 



oo 

J = Tr £ (fljfl* - A{^) . (4.17) 
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In the free YM limit, H — J is given by 

oo 

H - J = Tr [i £ + !) a f a l + ( £ + 2)A\A e + iB\B t (4.18) 

£=0 

where s = 4, 5, 7, 8. Here we suppressed the contribution of fermions. 

The lightcone Hamiltonian P~ on the bulk string side corresponds to the combination 
H — J, not to the YM Hamiltonian H. This sounds puzzling because in the "modified 
Penrose limit" [JTJ the lightcone time x + is equal to the global time t. However, this can 
be reconciled by introducing the "rotating variables" by performing the time-dependent 
U(l)j rotation 

Z- e *Z, A^e"^ r6r9 A. (4.19) 



For example, the free Lagrangian of this new Z is written as 

oo 

L = Tr [\dt(e lt Z e )\ 2 - (£ + 1) 2 |Z,| 2 ] . (4.20) 

£=0 

One can see that the Hamiltonian H rot with respect to these variables corresponds to P~ : 

H rot =H-J. (4.21) 



Note that the replacement (|4. 19 ) corresponds to focusing on the null geodesic 9 = t from 
the bulk string viewpoint. 

From ( |4.18|) , we can see that H — J = states are generated by Bq, and the creation 



operators B^ and Oq raise H — J by one. Here the superscript a of B^ is the magnetic 
index of Yg—y- If we define the real scalar (pf by 

tf = ^=(B<t + B?), (4.22) 

then (<p1, 4>q) transforms as a vector under SO (4) x SO (4). Note that 4>x corresponds to 
the operator D^Z on the plane R 4 . 

The general H — J = state is written as 

n 

\Ju---,J n ) = l[Tr(B^)\0). (4.23) 

i=l 

The inner product of these states is given by the Gaussian matrix model [^H 

/n m 
dZdZe- T ^ \[Tt(Z J[ ) J] Tr(Z J »). (4.24) 
A 1 7 1 



i=l k=l 



11 



This can be shown by inserting the completeness relation of coherent state 



dZdZe- T ^ zz ^\Z)(Z\ 



(4.25) 



where the coherent state \Z) is defined by 



Z| = (0|exp Tr(ZSo) , \Z) = exp Tr(ZSj) |0) 



(4.26) 



For example, the inner product between the 1-trace state and the n-trace state can be 
evaluated asi 



n\i t\-J— >r r(jv + ij + iELi^ + i) A 
( ' " ' ' ' ' n) ~ J + 1 r (iv - \J + 1 ELi 11 £r 

In the double scaling limit ( p..l| ), this amplitude reduces to 

JN J 



\J\Jli " " " 5 Jn)pP 



92 



| J 2 sinh f ^P-a, 

i=l 



where cnj is defined by 



J 

on = -j, y]aj = 1. 
J i=i 



Note that the large behavior of (J| Ji, • • • , J n )pp is independent of n 



lim (J| Ji, ■ • • , J n )pp 

92— >oo 



JN- 

92 



-e 2 
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For the general amplitude ( |4.24[ ), the pp-wave limit is not so simple as ( [4.28| ). 



(4.27) 



(4.28) 



(4.29) 



(4.30) 



5. Symmetry Breaking and PP-wave Algebra 

In this section, we consider the symmetry breaking from the conformal symmetry to 
the symmetry of pp-wave background. On the state (|4.23|) , the symmetry of M = 4 SYM 
is broken as 

SO(4, 2) x SU(4) R -> R A -j x SO (4) x SO (4). (5.1) 



2 We only checked this relation up to n = 3. For general n, this was proved by C. Kristjansen 
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We will see how the broken generators form the Heisenberg algebra h{4) © h(4). For 
simplicity, we only consider the contribution of scalar fields in the free YM limit gyM = 
0. In the pp-wave limit (|1.1| ), only the term which contains Bq and Bq survives, and 
other terms are sub-leading in J. This is the basic mechanism for the appearance of the 



Heisenberg algebra (see |2T|] for the general argument). Let us see this more explicitly 
The broken generator in the SO{4 1 2) part is given by 



M 0a - iM 5a = — Tr 







L 


-in a | 







^ m ) 2 + ^(V^) 2 + (0 m ) 2 



(5.2) 



+ do4> m (d a 4> rn -n a (f } m ) 
= -zv / 2e" lt TrK' mt a^) + --- 
= -iV2e- u Tr (B^ B ) + ■ ■ ■ . 
Here we kept only the term containing Bo. The hermitian conjugate of this operator is 

M 0a + iM 5a = iV2e u Tr + • • • . (5.3) 

Therefore, the commutation relation of these operators becomes h(4): 

[M 0a + zM 5a , M ob - iM bh ] ~ 25 a6 Tr (Sjs ) ~ 25 ab J. (5.4) 

Here '~' means 'equal when they act on a state with large J charge'. 

The structure in the SU(4)n part is similar. The broken generator in the SU(4)r 
part is given by 

oo 

j6s + • j9s = .^r^ J2(-a s e Bl + a?A e ) = -zv^Tr (a^sj) + • • • , (5.5) 
t=o 

and its conjugate is 

j6s _ U 9s = ( O 4 flo ) (5. 6 ) 

Therefore, their commutation relation also becomes the Heisenberg algebra h{4) 

[J 6s + iJ 9s , J 6t - iJ 9t ] ~ 25 st Tr (SjS ) ~ 25 st J. (5.7) 

We can see that the broken generators are given by the oscillators of 4>\ arid 4>q dressed 
by So- When they act on the ground state Ti(Bq J ) |0), one of the Bq is replaced by 
or S° . H — J behaves as the number operator of these dressed oscillators since H — J 
is independent of So- The states created by these broken generators are the Nambu- 
Goldstone modes with H — J = 1 which correspond to the supergravity modes in the 
pp-wave background. 
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6. Discussions 

In this paper, we constructed the generators of superconformal symmetry of U(N) 
Af = 4 SYM by generalizing [[T8] for the U(l) gauge group. We also studied the symmetry 
breaking by the large R-charge state and the appearance of the pp-wave algebra. Our 
analysis is limited to the bosonic part of the symmetry in the free YM limit. It is interesting 
to study the contraction of the whole superconformal symmetries at the interacting level. 

The dual theory of the string theory on the pp-wave background will be related to 
the matrix model obtained by the KK reduction of Af = 4 SYM on S 3 . However, the free 
string spectrum in the pp-wave background is not correctly reproduced if we only keep the 
lowest KK modes. Let us recall the argument in 0. In the planar limit, the string of -Bq's 
in (|4 . 2 3| ) can be regarded as a lattice, and the interaction Tr[Z , <Pq] [0q, Z ] becomes the 
spatial derivative of the effective (1+1) -dimensional field 0q(£, cr) in the limit ( |1.1[ ). We 
can repeat the same argument for other light fields. Let us look at the J = \ component 
if) of A with angular momentum I = 

if) = — -l(i + ir 6 r 9 )\ e=0 . (6.i) 

The kinetic term of if) comes from the Yukawa interaction 

Ly = 9 ^T^[B M+W A [BU]) = ^Tr(^r 9 [5 ,^]), (6.2) 

where we used the fact that T 34 = (r 6 — ir 9 )/2 = on the iF 6 F 9 = 1 subspace. On the 
large R-charge state Tr(sJ J )|0), |[J) can be replaced by 

'Y 



23!^ (6.3) 

By introducing the coordinate a as 



47T 

3=1 



and taking the limit ( |1 . 1|) , the effective kinetic term of if) is found to be 



J kin 2 



2tt 



daiP(T u d + T y d a )ij). (6.5) 



o 



Unfortunately, the structure of T-matrices in the mass term of if) is different from the one 
in the worldsheet action of the pp-wave string. The Hamiltonian of 0° obtained from the 
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interaction Tr[Z, Z] 2 is also different from the expected form, if we naively reduce this 
term to the KK modes with H — J < 1. It is interesting to study when the reduction to 
the lowest KK modes is meaningful. 
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Appendix A. SO (6) and £0(9, 1) Gamma Matrices 

In this appendix we summarize our notation of T-matrices. We follow the notation in 
||28|| (with slight modification). The 10-dimensional T- matrices are defined by {T M , T N } = 
2r] MN , where r) MN = diag(- + 9 ) and M, N = 0, • • • , 9. 

Under the dimensional reduction to 4 dimensions, the D = 10 Majorana-Weyl spinor 
is decomposed as 

£0(9,1) D 50(3,1) x SU(4) 

(A.l) 

16 L = (2,4)0(2,4), 

where we identified £0(6) ~ SU(4). Due to the Majorana condition, (2,4) and (2,4) 
are charge conjugate to each other in the 4-dimensional sense. Note that 6 of SO (6) 
corresponds to the antisymmetric tensor of 4 in the SU (4) picture. We use n, v = 0, ■ • ■ , 3 
and m, n = 4, • • • , 9 as the £0(3, 1) and £0(6) indices, and A, B = 1, • • • , 4 as the indices 
of 4. 

The £0(9, 1) gamma matrices can be decomposed as 

D"= 7 ^l 8 , 1^ = 75®^ ~^ B )=~r BA - (A.2) 
Here 75 = Z7° 123 and T AB satisfies {T AB ,T CD } = t AB c D . p AB and p AB are defined by 

( n AB\ _ sArB xA?B (~AB\CD CDEF ( AB\ ABCD t a o\ 

[P )cd - o c d D - d D d c , (p ) = -e (p )ef = £ ■ (A.3J 
£0(6) and SU(4) basis are related as 

V AB 1^ABCD V vAB _ vBA _ v t v _ ^Cy _i_AY \ 

— 7i e A-CD, a ——A —u\ ab , JL i4 — -{JL i+ 3 + ZAj +6 ; 

2 1 (A.4) 

p 4 = -(p+ 3 - zP+ 6 ), x AB v AB = x m r m . 
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The charge conjugation matrix and the chirality matrix are given by 

I4 \ -nil r>o--9 ,, a / I4 



where (r M ) T = — C-j^T-^Cio and C 4 is the charge conjugation in D = 4. 
The Majorana-Weyl spinor in D = 10 is now decomposed as 



Vmw = T 11 ^mw = ( f+ 

W-A 



A 



where ip-A is the charge conjugation of ip A 

^_ A = (^y = c 4 (^ +A ) T , 1 ^± = ±*i>±. 

Appendix B. (Conformal) Killing Vectors on R x S 3 

The Killing vectors on R x S 3 



61 + i&i = e tx 



sinipdo + cot 9 I cos ipd^ + — — -d x 



1 

sin ip 



62 + i&2 = e lx (dip + i cot ipd x ) 

£34 = -d x , C12 = - cot ipd e + cot 6> sin ipd^, £ 5 = d t 
The conformal Killing vectors on R x S 3 



sin-0 
sine' 



£01 - J 


6>1 


= e~ u {-% 


£02 - J 


62 


= e~ u 


£03 - J 


63 


= e~ u (- 



a ■ 1 o 1 cos-i/'cosXo sinx „ 

+ cos sin -0 cos x<9e H — — cfy — — — -d y 

sin t) sin t) sin ^ 



£04 — ^£54 = e ^ — « sin 6* sin -0 sin x^t 



o • / • o 1 cos-i/'sinxo , cosx ~ 

+ cos 6> sin ?/> sin x<?<9 H — - — + - — — — -d. 

smf sint/sin-i/; 
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